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Abstract
We study vortex-strings in four-dimensional N = 2 supersymmetric SU(Nc)×U(1)
gauge theories with Nf hypermultiplets in the fundamental representation of SU(Nc)
and general U(1) charges. If Nf > Nc, the vacuum is not gapped and the low-energy
theory contains both the vacuum massless excitations and the string zero-modes. The
question we address in this work is whether the vacuum and the string moduli decouple
at low energies, allowing a description of the low-energy dynamics in terms of a two-
dimensional theory on the string worldsheet. We find a simple condition controlling
the bulk-string coupling: If there exist two flavors such that the product of their U(1)
charge difference with the magnetic flux carried by the string configuration is not an
integer multiple of 2pi, the string has zero-modes that decay slower than 1/r, where r
is the radial distance from the string core. These modes are coupled to the vacuum
massless excitations even at low energies. If, however, all such products are integer
multiples of 2pi, long-range modes of this type do not exist and the string moduli
decouple from the bulk at low energies. This condition turns out to coincide with
the condition of trivial Aharonov-Bohm phases for the particles in the spectrum. In
addition to a derivation of the bulk-string decoupling criterion using classical analysis
of the string zero-modes, we provide a non-perturbative derivation of the criterion,
which uses supersymmetric localization techniques.
1efrat.gerchkovitz@weizmann.ac.il
2avner.karasik@weizmann.ac.il
1 Introduction and Summary
One of the most important tools in the study of solitons is the moduli space approximation
[1], in which the low-energy dynamics in the soliton background is governed by the moduli
space of solutions to the soliton equations.
If the only massless excitations are the soliton collective coordinates, the low-energy
effective theory in the background of the soliton can be described as a sigma model living on
the soliton worldvolume. The target space of the sigma model is the soliton moduli space,
equipped with a metric induced by the underlying gauge theory. This approach leads to
interesting relations between theories of different dimensions.
If, however, the bulk theory is not gapped, the low-energy dynamics will be controlled
by both the bulk excitations and the soliton excitations. In general, one expects that the
worldvolume theory cannot be separated from the bulk. This difficulty is avoided if the
interactions between the bulk and the soliton massless excitations are suppressed such that
at energies below some mass scale, the bulk and the soliton decouple and the low-energy
effective theory factorizes,
Seff = Sbulk + Ssoliton . (1.1)
For example, in the context of scattering of BPS monopoles, it has been argued that the
moduli space approximation is applicable at low velocities, despite the fact that the bulk
theory is not gapped [2].
In this work, we address the question of bulk-soliton decoupling in a particular class
of BPS vortex-strings in four-dimensional N = 2 supersymmetric gauge theories. Such
strings have been extensively studied in the case where the gauge group is U(Nc) and the
matter content consists of Nf fundamental hypermultiplets. See, for example, [3–10], and
the reviews [11–14]. Let us start by reviewing this well-studied case.
When Nf = Nc = N the low-energy effective theory in the minimal string background
is given by a two-dimensional N = (2, 2) supersymmetric CPN−1 non-linear sigma model,
living on the worldsheet of the string. This result, which was derived in various methods,
such as brane construction [4, 5] and an explicit expansion around the string solution [3, 5, 6],
provides an explanation for an earlier observation [15], relating the BPS spectra and beta-
functions of the four-dimensional N = 2 gauge theory and the two-dimensional N = (2, 2)
CP
N−1 sigma model.
For Nf > Nc, a two-dimensional effective description of the low-energy dynamics around
the string background was derived in similar methods [4, 5, 7]. In contrast to the Nf = Nc
case, the target space of the sigma model is non-compact when Nf > Nc. This is a result
of the fact that the moduli space of the string has a non-compact direction, related to the
size of the string in the transverse plane [16]. The size zero-modes of the string will play a
central role in this work.
The results mentioned above have been generalized to strings with non-minimal winding
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numbers [4, 8, 9, 17, 18] and to other gauge groups [19, 20].
For Nf = Nc, the worldsheet theory is assured to capture the low-energy dynamics
of the theory since the bulk theory is gapped. The only massless excitations in the string
background are the string moduli and the low-energy dynamics is therefore two-dimensional.
When Nf > Nc, however, there are massless Goldstone excitations in the bulk. The question
of whether factorization of the form of (1.1) applies is crucial for the understanding of the low-
energy dynamics in the background of the string. To the best of our knowledge, this question
has not been directly addressed in the literature. Yet, the two-dimensional description
obtained in the moduli space approximation reproduces the correct BPS spectrum and beta-
functions [21]. This agreement suggests that the bulk and the string degrees of freedom
indeed decouple at low energies. We will obtain this factorization as a special case of our
results.
In this paper, we study BPS vortex-strings in four-dimensional N = 2 supersymmetric
gauge theories with gauge group SU(Nc)×U(1) and Nf hypermultiplets in the fundamental
representation of SU(Nc). The charges of the hypermultiplets under the U(1) factor of the
gauge group will be denoted by ci ∈ Z, i = 1, .., Nf . In other words, we generalize the
set-up of [3–6], in which ci = 1 for all i, by allowing different U(1) charges for different
hypermultiplets.
The strings that we will be interested in are labeled by the winding number K ∈ Z and
by a choice of Nc out of the Nf hypermultiplets that obtain a vacuum expectation value.
The vacuum equations require that the sum of the U(1) charges of these Nc hypermultiplets
will be non-vanishing. We denote this sum by C. The magnetic flux carried by the string is
Φ = 2piK/C. Topologically, such fluxes are enabled by a breaking of the gauge group to a
residual ZC subgroup in the vacuum.
We focus on the Nf > Nc case, for which the bulk theory is not gapped and the question
of bulk-string factorization arises. Assuming an ansatz for the string solution and studying
its size-modes and their interactions with the bulk massless modes, we obtain a criterion
controlling their coupling to the bulk at low energies: if (ci − cj)Φ ∈ 2piZ for all i, j, the
mixing terms are suppressed at energies E ≪ mW , where mW denotes the mass of the W-
bosons. In these cases, we have a factorization of the form (1.1). Note that the equal charge
case of [3–6] satisfies this condition.
When the condition above is not satisfied, there exist long-range moduli that decay as
r−β , 0 < β < 1, where r is the radial coordinate on the transverse plane to the string.
Long-range modes of this type are not very common in the literature. As we will show, these
long-range modes are mixed with the bulk modes even at low energies, and as a result, the
low-energy effective theory does not factorize. We thus find a criterion for the decoupling of
the string from the bulk at low energies,
Decoupling Criterion:
(ci − cj)Φ
2pi
=
(ci − cj)K
C
∈ Z for all i, j . (1.2)
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Note that when Nf = Nc there are no light fields in the bulk, and the low-energy dynamics is
described by the two-dimensional worldsheet theory, regardless of whether (1.2) is satisfied
or not.
Using supersymmetric localization techniques, we obtain a non-perturbative evidence for
the decoupling criterion (1.2). We do this by evaluating the four-ellipsoid partition function
of the parent theory using the localization formula of [22] and isolating contributions which
we associate to string configurations. Exactly when the condition (1.2) is satisfied, we observe
a factorization of the contribution associated with the dynamics around the K-string to a
product of two decoupled factors – one is associated with the light modes in the bulk and the
other describes the dynamics of the string moduli. We interpret this observed factorization
as a sign for the decoupling of the string degrees of freedom from the bulk degrees of freedom.
This provides an alternative derivation of the decoupling criterion (1.2), which takes into
account all the perturbative and non-perturbative quantum corrections.
A brief review of the localization analysis, as well as an explanation of the precise sense
in which the contributions factorize, can be found in section 7. The detailed localization
analysis will appear in an upcoming publication [23], in which we use localization techniques
to study the worldsheet theories of the strings that satisfy the decoupling criterion (1.2).
The bulk-string decoupling condition (1.2) implies that for generic charges the minimal
string is coupled to the bulk. However, at winding numbers such that (1.2) is satisfied the
K-string decouples from the bulk and an effective description in terms of a two-dimensional
theory exists. We argue that in this case the long-range modes are combined to create fewer
modes with faster decay such that the string decouples from the bulk.
Interestingly, the criterion (1.2) is exactly the condition ensuring that there are no
Aharanov-Bohm phases for particles circling the string – exactly when (1.2) is not satis-
fied, there exist a particle in the spectrum that acquires a non-trivial Aharonov-Bohm phase
when circling the string. Due to the bulk-string coupling, however, the string and the parti-
cle cannot be treated as two separated objects, and the Aharonov-Bohm experiment cannot
be performed.
The outline of the paper is as follows. In section 2 we demonstrate the existence of long-
range zero-modes and the relation to the bulk-string decoupling and Aharonov-Bohm phases
in the simplest example of a U(1) gauge theory with two flavors. We study the mixing of the
bulk and string modes and argue that when long-range modes are absent the mixing terms
are suppressed at low energies. In section 3 we move on to non-abelian strings and review
some of the well-known properties of the strings and their moduli spaces in the case where
the gauge group is U(Nc) and all the flavors have the same U(1) charge. In section 4 we
consider strings in the SU(Nc) × U(1) gauge theory with general U(1) charges. We study
the size zero-modes of these generalized strings and find that long-range modes exist if and
only if (1.2) is not satisfied. In section 5 we discuss the mixing of the bulk and string modes
and derive the decoupling criterion (1.2) based on the size-modes analysis of section 4. We
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also show that the condition (1.2) coincides with the condition that all the Aharonov-Bohm
phases are trivial. In section 6 we comment on the size-modes of the non-minimal string
in cases where the minimal string is coupled to the bulk. In section 7 we sketch the non-
perturbative derivation of the decoupling criterion (1.2), which is based on a localization
analysis that will appear in [23].
2 U(1) with two Flavors
The simplest example of strings with size zero-modes arises in a U(1) gauge theory with
two charged flavors [16, 24–26]. In this section, we will use this example to illustrate the
mechanism behind the bulk-string factorization and the relation to the decay rate of the
size-modes. For our discussion, it will be important that the two flavors have different U(1)
charges. Other aspects of the string solution with general U(1) charges were studied in [27].
The matter content consists of two charged scalars, denoted by q1,2, with U(1) charges
c1 = p > 0 and c2 = 1. The Lagrangian of the theory is
L = 1
4e2
(Fµν)
2 +
∑
i
|Dµqi|2 − e
2
8
(∑
i
ci|qi|2 − ξ
)2
− µ2|q2|2 , Dµqi = (∂µ − iciAµ)qi ,
(2.1)
where e is the gauge coupling and ξ > 0. We will assume that µ≪ e√ξ. The coefficient in
front of the potential was chosen such that the theory admits a completion to an N = 2 su-
persymmetric U(1) gauge theory with two hypermultiplets and a Fayet-Iliopoulos parameter
ξ. This fine-tuned coupling allows for a Bogmol’nyi completion, from which topologically
stable strings can be constructed.3
The theory has a unique vacuum, which is given, up to gauge transformations, by
q1 = v ≡
√
ξ
p
, q2 = 0 , Aµ = 0 . (2.2)
In the vacuum (2.2), the gauge symmetry is broken down to Zp. The gauge field and the
scalar q1 obtain a mass mW =
1√
2
pev.
The string solutions can be constructed in the following way. We will choose the string
to lie along the x3 direction. The tension can be written as
T =
∫
dx1dx2

 1
2e2
(
B3 ± e
2
2
(∑
i
ci|qi|2 − ξ
))2
+
∑
i
|D1qi ± iD2qi|2 + µ2|q2|2 ± ξB3

 ,
(2.3)
3Let us stress that we have included only the minimal ingredients that are necessary to demonstrate the
idea of this section, and this is why we didn’t include more fields or a mass term for q1. The more general
case is a special case of the theory studied in section 4.
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where B3 = F12 and all other components of Fµν were taken to be zero. We also assumed
that the configuration depends only on the x1, x2 coordinates. The ± sign labels the two
possible choices for the sign of the magnetic flux.
The first three terms in (2.3) give the Bogomol’nyi equations for this string,
B3 ± e
2
2
(
p|q1|2 + |q2|2 − ξ
)
= 0 , (D1 ± iD2)qi = 0 , q2 = 0 , (2.4)
while the last term is a topological term that measures the magnetic flux. We will focus
on solutions with positive magnetic flux by taking the plus sign in (2.3). With this choice,
solutions to (2.4) will satisfy
lim
r→∞
q1 = ve
ikφ , k ∈ N ,
A¯ = − i
p
∂¯ log q1 ,
q2 = 0 ,
(2.5)
where we have introduced holomorphic coordinates on the x1 − x2 plane,
z = x1 + ix2 , z¯ = x1 − ix2 , ∂ = 1
2
(∂1 − i∂2) , ∂¯ = 1
2
(∂1 + i∂2) , (2.6)
as well as polar coordinates, z = reiφ, z¯ = re−iφ. Similarly, A¯ ≡ 1
2
(A1 + iA2).
The total magnetic flux can be easily computed using Stokes’ theorem,
Φ = lim
r→∞
∫ 2π
0
dφAφ =
2pik
p
. (2.7)
Indeed, due to the symmetry breaking pattern of the vacuum, the allowed fluxes are classified
by pi1 (U(1)/Zp), which allows for fractional fluxes, quantized as in (2.7).
Plugging equation (2.5) into the first equation in (2.4), one obtains a differential equation
for q1. The boundary conditions (2.5) guarantee that q1 has k zeros at positions za. Close
to the zeros it behaves as
lim
~r→~ra
q1 ∼ z − za . (2.8)
The string solution described above has translational zero-modes, related to the locations
of the zeros za. For positive µ these are the only exact zero-modes. However, we will be
interested in fluctuations above the string solution with energies in the range µ . E ≪ ev.
In this energy limit Aµ and q1 decouple, while q2 is treated as a light dynamical field.
The field q2 has two types of excitations. The first are the vacuum excitations which
are simply the excitations of q2 above the vacuum (2.2) and are expected to exist also far
away from the string. The second are approximate string zero-modes, which become exact
zero-modes in the limit µ→ 0 where the Bogomol’nyi equations read
B3 +
e2
2
(
p|q1|2 + |q2|2 − ξ
)
= (D1 + iD2)qi = 0 . (2.9)
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These quasi-moduli exist if there exist non-trivial solutions to (2.9) in which q2 6= 0, which
satisfy the boundary conditions (2.5).
The second equation in (2.9) implies that
A¯ = − i
p
∂¯ log q1 , q2 = q
1/p
1 f(z) , (2.10)
where f(z) is independent of z¯. Plugging this into the first equation in (2.9) one finds
a differential equation for q1 that depends on the function f(z). Let us now discuss the
constraints that the boundary conditions (2.5) impose on f(z).
For simplicity, let us assume that all the zeros of q1 coincide at the origin such that
lim
r→0
q1 ∼ zk. Thus, close to the origin q2 ∼ zk/pf(z). For q2 to be well-defined at r = 0,
zk/pf(z) needs to have an expansion in non-negative powers of z. In addition, the boundary
conditions (2.5) require that lim
r→∞
f(z) = 0. We thus conclude that
q2 = q
1/p
1
⌈k/p⌉−1∑
n=0
ρ(n)zn−k/p , (2.11)
where ρ(n) ∈ C are arbitrary coefficients.4 The quasi-moduli ρ(n) are related to the effective
size of the string in the transverse plane. See appendix A. We will refer to these moduli as
size-modes. In the proceeding, we will study the effect of these zero-modes on the low-energy
theory and show how the question of decoupling from the bulk is related to whether k/p is
integer or not.
In (2.11), the parameters ρ(n) are constants. However, to study the low-energy dynamics
we should allow them to depend weakly on the worldsheet coordinates xI , I = 0, 3. Let us
split the low-energy q2 excitations as
q2 = χ(x
µ) + q
1/p
1
⌈k/p⌉−1∑
n=0
ρ(n)(xI)zn−k/p , (2.13)
where χ(xµ) is the four-dimensional bulk-field and ρ(n)(xI) are the string size-modes, which
have been promoted to fields on the worldsheet. The distinction between the two types
of excitations is meaningful only if the bulk and the string modes are decoupled. We will
assume that this is true and show that the decoupling assumption leads to a contradiction
if k
p
/∈ Z.
4The generalization to the case where the zeros are distinct is straightforward and results in
q2 =
(
q1∏k
a=1(z − za)
)1/p ⌈k/p⌉−1∑
n=0
ρ(n)zn . (2.12)
See also section 4.2, in which this analysis is done for the more general SU(Nc)× U(1) gauge theories.
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Plugging the contribution of one size-mode, q2 → q1/p1 ρ(x
I)
zβ
, into the q2 kinetic term, and
integrating over the transverse directions, we obtain a kinetic term on the worldsheet of the
form5 ∫
rdrdφr−2β
∣∣∣∂I (q1/p1 ρ)∣∣∣2 , I = 0, 3 . (2.14)
For β ≤ 1 this integral is IR divergent. Thus, the slow-decaying size-modes are non-
normalizable. If these divergences are not regulated, the ρ parameters cannot be promoted
to dynamical worldsheet fields. For a discussion on how to deal with non-normalizable zero-
modes see [28]. Moreover, due to the non-zero mass even constant non-vanishing values of
ρ are forbidden. This is because the contribution of the mass term to the tension is infinite
due to a similar IR divergence. Recall, however, that we are not interested only in exact
zero-modes, but also in light modes which are dynamical at energies µ . E ≪ ev. Therefore,
we can redefine the size-modes in the IR without ruining the fact that their contribution to
the energy of the string vanishes at the µ→ 0 limit. As in [7], we will treat the small mass
µ as an effective IR regulator and consider 1/µ as the upper limit of the integral over r.
Next, we will canonically normalize the fields on the worldsheet,6
|∂Iρ′(n)|2 = |∂Iρ(n)|2
∫
drdφr1−2β|q1|2/p(ρ = 0) . (2.15)
In terms of the canonically normalized fields, ρ′(n), equation (2.13) takes the form
q2 = χ(x
µ) +
(q1
v
)1/p ⌈k/p⌉−1∑
n=0
bnρ
′(n)(xI)zn−k/p , (2.16)
where
bn = v
1/p
(∫
drdφr1−2β|q1|2/p(ρ = 0)
)− 1
2
. (2.17)
The string is decoupled from the bulk, and the expansion (2.16) is a good expansion,
if the terms that mix χ and ρ′(n) in the action are negligble at low energies. Consider, for
example, the kinetic term∫
d4x|∂Iq2|2 =
∫
d4x|∂Iχ|2 +
∑
n
∫
d2xI |∂Iρ′(n)|2
+
∑
n
(∫
d4x
bn
v1/pzk/p−n
∂Iχ
∗∂I(q1/p1 ρ
′(n)) + c.c.
)
+O(ρ3) .
(2.18)
5Note that the solution for q1 depends on ρ
(n) (see appendix A for more details) and therefore it also
depends on the worldsheet coordinates xI .
6We took q1(ρ = 0) in (2.15) to isolate the term which is quadratic in ρ. Terms coming from q1(ρ 6= 0)
contribute to higher order terms in the effective low-energy worldsheet theory.
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All the quadratic terms that mix two different string modes, ρ′(n), ρ′(m) for n 6= m, vanish
after integrating over φ due to their different angular dependence. Far away from the string
core, we can approximate q1 ∼ veikφ, and the mixing term obtains the form
einφ
bn
rβ
∂Iχ
∗∂Iρ′(n) + c.c. , β = k/p− n . (2.19)
The coupling bn has mass dimension 1 − βn. Thus, the operator above is relevant at
low energies if βn < 1, irrelevant if βn > 1, and classically marginal if βn = 1. Let us now
estimate how the size of the coefficient bn scales with v and µ. Consider the integral∫ 1
µ
0
drr1−2β|q1|2/p(ρ = 0) . (2.20)
We are interested in the parametric dependence of this integral on the two scales µ and
v, where we are only interested in the leading term in the µ
v
→ 0 limit.7 Note that the µ
dependence of (2.20) enters only through the upper limit of the integral. When r is large
enough, much larger than the transverse size of the string, we can approximate |q1| = v.
Using this fact, the separation of scales µ≪ v and dimensional analysis, one can show that
the leading dependence behaves as v2/pµ2β−2 for β < 1, v2/p log(v/µ) for β = 1 and v2β−2+2/p
for β > 1. We thus find
bβ>1 ∼ v1−β , bβ=1 ∼ 1√
log(v/µ)
, bβ<1 ∼ µ1−β . (2.21)
This leads us to conclude that at low energies, E ≪ v, the β > 1 modes decouple from
the bulk modes. For β = 1, the classically marginal interaction term is suppressed in the
µ
v
→ 0 limit. Thus, if all the modes decay at least as fast as 1
r
, the string and the bulk
decouple at low energies, and an effective description in terms of a two-dimensional theory
is appropriate. On the other hand, modes with β < 1 are coupled to the bulk even at
low energies.8 Thus, the existence of such modes is in contradiction with the decoupling
assumption. As can be seen from (2.16), these modes exist iff k
p
/∈Z; when k
p
∈ Z all the
modes decay at least as fast as 1
r
. To conclude, only when k
p
∈ Z, the string and the bulk
decouple at low energies.
So far we discussed only the kinetic term |∂Iq2|2. Using the fact that ρ′(n) always appear
with a bn factor, similar arguments show that the conclusions hold also when the other
terms are included. While this analysis is purely classical, the conclusions are supported by
a non-perturbative localization computation which will be reviewed in section 7.
When evaluating the integral (2.20), we assumed that µrs ≪ 1 where rs is the transverse
size of the string as defined in equation (A.7) of appendix A. This assumption is necessary
7We don’t distinguish here between v and mW which are both taken to be very large compared to µ.
8By low energies we mean µ < E ≪ v. At energies below µ the string moduli cannot be excited and the
bulk is empty.
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if we want to approximate |q1| = v at large distances r ∼ 1µ . However, rs is a dynamical
parameter and we need to verify that this assumption is consistent. Using (A.7) and (2.15),
we can express rs as
rs ∼


1
µ
(
µ
v
)1/βmin |ρ′min|1/βmin if βmin < 1 ,
1
v
|ρ′
min
|√
log(v/µ)
if βmin = 1 .
(2.22)
Thus, µrs ≪ 1 if |ρ′min| ≪ v/µ. This is indeed satisfied as we are interested in fluctuations
with energy E ≪ v. Therefore, this assumption is consistent at low energies.
We also want to make the following observation. When a q2-particle circles the string, it
acquires an Aharonov-Bohm phase
lim
r→∞
∫
dφAφ =
2pik
p
. (2.23)
This phase is trivial iff k/p ∈ Z.
To conclude, one finds the following correlation between long-range modes, bulk-string
decoupling and Aharonov-Bohm phases. When k/p ∈ Z,
1. The slowest-decaying zero-mode decays like 1
r
.
2. The string and the bulk are decoupled at low energies.
3. q2 does not acquire an Aharonov-Bohm phase when circling the string.
On the other hand, when k/p /∈Z,
1. The slowest-decaying zero-mode decays like 1
rβ
with 0 < β < 1.
2. The string and the bulk are coupled even at low energies.
3. q2 acquires a non-trivial Aharonov-Bohm phase when circling the string.
In the next sections, we will generalize this analysis to non-abelian strings in SU(Nc)×
U(1) gauge theory. We will find that long-range size-modes exist if (1.2) is not satisfied. We
will then use the analysis we presented in this section to argue that the bulk and the string
decouple if the long-range modes are absent, that is, if (1.2) is satisfied. We will also find
that the same correlation between Aharonov-Bohm phases and long-range zero-modes holds
in the more general case.
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3 Non-Abelian Vortex-Strings – Review of the Litera-
ture (equal U(1) charges)
We now move on to non-abelian strings. We will start by reviewing the well-studied case of
U(Nc) gauge group, where all the flavors have the same charge under the U(1) factor of the
gauge group. In the next section we will generalize the set-up by allowing different flavors
to have different U(1) charges. This section is based on many references. See, for example,
[3–7], and the reviews [11–13].
Our starting point is a four-dimensional N = 2 supersymmetric theory with U(Nc) ≡
SU(Nc) × U(1)/ZNc gauge symmetry and Nf ≥ Nc hypermultiplets in the fundamental
representation of the gauge group.9 The theory is parametrized by the complexified gauge
couplings,
τu(1) =
θu(1)
2pi
+
4pii
e2
, τsu(N) =
θ
2pi
+
4pii
g2
, (3.1)
the hypermultiplet masses µi, i = 1, ..., Nf , and a Fayet-Iliopoulos (FI) parameter ξ > 0. We
assume that the masses are non-degenerate (µi 6= µj if i 6= j) and that the mass differences
are small, |µi − µj| ≪ e
√
ξ, g
√
ξ for all i, j.
The bosonic action for this theory is given by
S =
∫
d4x
[
1
4g2
(
F αµν
)2
+
1
4e2
(
F ′µν
)2
+
1
g2
|Dµaα|2 + 1
e2
|∂µa′|2 +
∑
i
|Dµqi|2 +
∑
i
|Dµq˜i|2 − V + Lθ
]
,
Lθ = θ
32pi2
F αµνF˜
αµν +
θu(1)
32pi2
F ′µνF˜
′µν ,
V =
g2
2
(
1
g2
fαβγa†βaγ +
∑
i
qi †λαqi −
∑
i
q˜iλαq˜ †i
)2
+
e2
8
(∑
i
qi†qi −
∑
i
q˜iq˜
i† −Ncξ
)2
+ 2g2
∣∣∣∑
i
q˜iλαqi
∣∣∣2 + e2
2
∣∣∣∑
i
q˜iqi
∣∣∣2 +∑
i
∣∣∣(a′ + λαaα − µi)qi∣∣∣2 +∑
i
∣∣∣(a′ + λαaα − µi)q˜†i ∣∣∣2 ,
(3.2)
where
Dµqi = (∂µ − iA′µ − iλαAαµ)qi, Dµq˜†i = (∂µ − iA′µ − iλαAαµ)q˜†i , Dµaα = (∂µδαγ − ifαβγAβ)aγ .
(3.3)
Here a′, A′µ are the scalar and gauge field of the U(1) gauge multiplet, and a
α, Aαµ, α =
1, ..., N2c − 1, are the scalars and gauge fields of the SU(Nc) gauge multiplet. λα and fαβγ
are the SU(Nc) generators and structure constants respectively. The hypermultiplets scalars
are denoted by qai , q˜
i
a where i = 1, ..., Nf is the flavor index. The color index , a = 1, ..., Nc,
was suppressed in (3.2). q transforms in the fundamental representation of U(Nc), while q˜
9If Nf < Nc the theory doesn’t have a supersymmetric vacuum in the presence of a Fayet-Iliopoulos term.
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transforms in the antifundamental representation. Below, we will also use a matrix notation,
q =


q11 q
1
2 · · · q1Nf
q21 q
2
2 · · · q2Nf
...
...
. . .
...
qNc1 q
Nc
2 · · · qNcNf

 , q˜ =


q˜11 q˜
1
2 · · · q˜1Nc
q˜21 q˜
2
2 · · · q˜2Nc
...
...
. . .
...
q˜
Nf
1 q˜
Nf
2 · · · q˜NfNc

 . (3.4)
In the absence of mass and FI terms the theory has a PSU(Nf) global symmetry and
an SU(2)R × U(1)R/Z2 R-symmetry. The U(1)R symmetry is anomalous. In the presence
of generic masses the global symmetry is broken explicitly to U(1)Nf−1. However, we are
interested in the |µi − µj | ≪ g
√
ξ, e
√
ξ limit, in which we can treat the global PSU(Nf )
symmetry of the massless theory as an approximate symmetry. The FI term explicitly breaks
the SU(2)R symmetry to its Cartan but does not break the N = 2 supersymmetry. We will
denote the U(1) ⊂ SU(2)R that is preserved in the presence of the FI term by U(1)J .
The FI term forces the vacua of the theory to sit in the Higgs branch. The theory has(
Nf
Nc
)
vacua, labeled by choices of Nc out of the Nf hypermultiplets. The vacuum labeled by
1, 2, ..., Nc is given, up to gauge transformations, by
q =
(√
ξ INc×Nc 0(Nf−Nc)×Nc
)
,
δaba
′ + λαaba
α = δabµb , a, b = 1, ..., Nc ,
(3.5)
and all other fields vanish. This vacuum is invariant under the transformations
q→ U †q
(
U 0
0 V
)
, U ∈ U(Nc) , V ∈ U(Nf −Nc) , detU · det V = 1 . (3.6)
Thus, the gauge symmetry is broken completely, and the residual (approximate) global
symmetry is S[U(Nc) × U(Nf − Nc)]. The vacuum also preserves a U(1) R-symmetry, in
which the U(1)J transformation of q is canceled by a U(1) gauge transformation.
The spectrum in the vacuum consists of 2Nc(Nf −Nc) pseudo-Goldstone-bosons, which
reside in the Nc(Nf−Nc) light hypermultiplets labeled by i > Nc. In addition, the N2c gauge
multiplets combine with the N2c hypermultiplets labeled by i ≤ Nc via the Higgs mechanism
to create N2c long massive vector multiplets, with masses mW ∝ e
√
ξ, g
√
ξ.
As in the previous section, we derive the equations for a string lying along the x3 direction
using a Bogomol’nyi completion of the tension. Assuming that the configuration does not
depend on the worldsheet coordinates x0 and x3, and that q˜, A0, A3 and the off-diagonal
11
elements of a vanish, the tension can be written as
T =
∫
dx1dx2

 1
2e2
(
B′3 ±
e2
2
(∑
i
|qi|2 −Ncξ
))2
+
1
2g2
(
Bα3 ± g2
∑
i
q†iλ
αqi
)2
+
∑
i
|D1qi ± iD2qi|2
+
1
g2
|Dµaα|2 + 1
e2
|∂µa′|2 +
∑
i
|(a′ + λαaα − µi)qi|2 ±NcξB′3
]
≥ ±
∫
dx1dx2NcξB
′
3
(3.7)
with B′3 = F
′
12 , B
α
3 = F
α
12. The last term is a topological term that measures the magnetic
flux. Configurations for which all the other terms vanish minimize the tension in a given
topological sector and give rise to 1
2
-BPS strings.
Let us now focus on string solutions with one quanta of positive magnetic flux. To find
the solution, one uses the ansatz
q =


q′(r) 0 0 · · · 0 0 · · · 0
0 q′(r) 0 · · · 0 0 · · · 0
0 0 q′(r) · · · 0 0 · · · 0
...
...
...
. . .
...
...
. . .
...
0 0 0 · · · qv(r)eiφ 0 · · · 0

 , (3.8)
where the profile functions need to satisfy the boundary conditions
lim
r→∞
q′(r) = lim
r→∞
qv(r) =
√
ξ . (3.9)
The boundary conditions together with the equation (D1 + iD2)q = 0 imply that q′(r) has
no zeros, while qv(r) has a single zero at r = 0. Close to the zero it behaves as qv(r) ∼ r
[29].10 The gauge multiplet scalars do not play any role in the solution; they are fixed on
their vacuum expectation value given in (3.5). This guarantees the vanishing of the terms
in (3.7) that involve a and a′. We are thus left with the Bogmol’nyi equations:
B′3 +
e2
2
(∑
i
|qi|2 −Ncξ
)
= 0 , (3.10)
Bα3 + g
2
∑
i
q†iλ
αqi = 0 , (3.11)
D1qi + iD2qi = 0 . (3.12)
10The behavior near r = 0 can be easily understood in the following way. At the origin qv(r) must go to
zero because of the angular dependence, so we can write qv(r) ∼ r∆ near the origin. From equation (3.13)
the U(1) gauge field near the origin is Aφ = 1 − r∂r log(r∆) + O(r). In a non-singular string solution the
flux through a circle of zero radius must vanish. Thus, ∆ = 1.
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The Cartan gauge fields need to be turned on, with a profile which is determined from
the functions q′(r) and qv(r) using (3.12). Plugging this into (3.10-3.11) one obtains a set
of differential equations for the profile functions q′(r) and qv(r), for which there is no known
analytic solution. The solution has been studied numerically in [3] for Nc = 2.
Using equation (3.12) we can express the U(1) gauge field as
NcA
′
φ = 1− r∂r log(q′(r)Nc−1qv(r)) . (3.13)
At r →∞, the second term goes to zero and the total U(1) magnetic flux and tension are
Φ = lim
r→∞
∫
dφA′φ =
2pi
Nc
, T = NcξΦ = 2piξ . (3.14)
This flux is supported by the first homotopy group pi1 (U(1)× SU(Nc)/ZNc). Similarly, the
asymptotic values of the SU(Nc) Cartan gauge fields can be computed. One finds that the
Aharonov-Bohm phases for particles circling this string are trivial, that is, integer multiples
of 2pi (see section 5).
Let us now discuss the zero-modes of the string solution. The exact zero-modes are
two center-of-mass zero-modes related to the two translations that are broken by the string
solution. As in the previous section, we will also be interested in modes that are light with
respect to e
√
ξ, g
√
ξ. Therefore, we will study the zero-modes in the massless case. These
will be treated as approximate zero-modes at the |µi − µj| ≪ g
√
ξ, e
√
ξ limit.
Acting with the S[U(Nc)×U(Nf −Nc)] symmetry of the vacuum,11 and dividing by the
stabilizer we obtain 2(Nc − 1) zero-modes which span the moduli space
S[U(Nc)× U(Nf −Nc)]
S[U(Nc − 1)× U(1)× U(Nf −Nc)] =
U(Nc)
U(Nc − 1)× U(1) = CP
Nc−1 . (3.15)
These will be referred to as the orientation zero-modes.
When Nf > Nc, there exist extra approximate zero-modes, in which the extra flavors
play a role in the solution. In the presence of non-degenerate masses such modes cannot be
exact zero-modes; a solution of the form (3.8) fixes the gauge multiplet scalars completely
(as in (3.5)) leaving us with mass terms of the form (µi − µa)2|qai |2 for the non-diagonal
components of q. However, since the mass differences are small compared to g
√
ξ, e
√
ξ, we
will ignore these terms and allow any solution of the Bogomol’nyi equations (3.10-3.12), as
long as the solution satisfies the same boundary conditions as the original string solution.
Assuming an ansatz of the form (3.8) for i ≤ Nc, but allowing the entries for i > Nc to
be non-zero, equation (3.12) implies that
qa<Nci>Nc = q
′(r)gai (z) , q
Nc
i>Nc
= qv(r)e
iφfi(z) , (3.16)
11Due to the winding of the string solution, the asymptotic symmetry in the string background does not
act exactly as (3.6). Instead, the transformation (3.6) acts on qˆ = diag(1, 1, ..., 1, e−iφ)q.
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where gai (z), fi(z) are independent of z¯. As in the previous section, these functions are
constrained by the boundary conditions, which imply that gai (z) = 0 and fi(z) ∝ 1z .12 We
thus get,
qa<Nci>Nc = 0 , q
Nc
i>Nc
=
qv(r)
r
ρi , ρi ∈ C . (3.17)
Plugging this into equations (3.10-3.11), we obtain differential equations for the profile func-
tions q′(r) and qv(r), which depend on
∑Nf
i=Nc+1
|ρi|2. The modulus
∑Nf
i=Nc+1
|ρi|2 determines
the effective size of the string in the radial direction. See, for example, [7] or appendix A.
The Nf −Nc complex moduli ρi are thus referred to as the size-modes.
Naively, one would expect the size-modes to interact with the light bulk fields – the
pseudo-Goldstone-bosons and their superpartners. However, as shown in the previous sec-
tion, modes that decay as 1/r decouple from the bulk at low-energies.13 See section 5 for
more details. Thus, the bulk and the string modes decouple at energies ≪ e√ξ, g√ξ. As a
result, the low-energy dynamics in the string background is captured by a two-dimensional
theory on the string worldsheet, in addition to decoupled bulk fields.
The two-dimensional theory on the worldsheet has N = (2, 2) supersymmetry, inherited
from the residual supersymmetry in the string background. In addition, the four-dimensional
U(1) R-symmetry in the string background and the rotation symmetry in the plane trans-
verse to the string both give rise to conserved vectorlike R-symmetries on the worldsheet.
Thus, the worldsheet theory preserves a continuum of R-symmetries.
Based on various arguments, such as brane construction [4, 5], matching of the BPS
spectra [15, 21], as well as explicit derivations in field theory [3, 5–7], the worldsheet theory
has been identified as the low-energy limit of a GLSM with U(1) gauge group. The mat-
ter content of this theory is one neutral chiral multiplet, parametrizing the center-of-mass
moduli and their superpartners, Nc positively charged chiral multiplets, parametrizing the
orientation moduli and their superpartners, and Nf−Nc negatively charged chiral multiplets,
parametrizing the size-moduli ρi and their superpartners. The complexified FI parameter of
the two-dimensional theory is given in terms of the four-dimensional complexified SU(Nc)
gauge coupling, by θ2d
2π
+ iξ2d = τsu(Nc). The charged chiral multiplets inherit small masses
∼ µi ≪ e
√
ξ, g
√
ξ, reflecting the fact that the orientation and size-modes are only approxi-
mate moduli.
While strings with winding number K > 1 are harder to study, the brane construction
of [4] offers a generalization of the worldsheet GLSM to a U(K) gauge theory with one
adjoint chiral multiplet, Nc fundamental chiral multiplets and Nf − Nc antifundamental
12The boundary conditions (3.9) and lim
r→∞
qai>Nc = 0 imply that limr→∞
fi(z) = lim
r→∞
gai (z) = 0. However, a
holomorphic function that decays at infinity needs to have a singularity in the bulk. q′(r) has no zeros and
thus we conclude that gai (z) = 0. qv(r) has one zero at the origin. From the behavior near the origin we
conclude, as in the discussion before equation (2.11), that fi(z) ∝ 1z .
13Note that, as in the previous section, one first has to regularize these modes by modifying the solution
at distances above ∼ 1|µi−µa| .
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chiral multiplets. The string solution and the moduli space have also been studied in field
theory. For example, see [8, 9, 17, 18].
4 General U(1) Charges
In this section we generalize the set-up of the previous section by allowing different U(1)
charges for the different hypermultiplets. Thus, we start from a four-dimensional N = 2
supersymmetric theory with SU(Nc)×U(1) gauge symmetry and Nf ≥ Nc hypermultiplets
in the fundamental representation of SU(Nc). The U(1) charges of the hypermultiplets will
be denoted by ci ∈ Z, i = 1, ..., Nf . As in the previous section, we will introduce an FI
parameter ξ and non-degenerate hypermultiplet masses µi ≪ e
√
ξ, g
√
ξ,14 where e and g
are, respectively, the gauge couplings for the U(1) and SU(Nc) factors of the gauge group.
The bosonic part of the action is given by
S =
∫
d4x
[
1
4g2
(
F αµν
)2
+
1
4e2
(
F ′µν
)2
+
1
g2
|Dµaα|2 + 1
e2
|∂µa′|2 +
∑
i
|Dµqi|2 +
∑
i
|Dµq˜i|2 − V + Lθ
]
,
Lθ = θ
32pi2
F αµνF˜
αµν +
θu(1)
32pi2
F ′µνF˜
′µν ,
V =
g2
2
(
1
g2
fαβγa†βaγ +
∑
i
qi †λαqi −
∑
i
q˜iλαq˜ †i
)2
+
e2
8
(∑
i
ciq
i†qi −
∑
i
ciq˜iq˜
i† −Ncξ
)2
+ 2g2
∣∣∣∑
i
q˜iλαqi
∣∣∣2 + e2
2
∣∣∣∑
i
ciq˜
iqi
∣∣∣2 +∑
i
∣∣∣(cia′ + λαaα − µi)qi∣∣∣2 +∑
i
∣∣∣(cia′ + λαaα − µi)q˜†i ∣∣∣2 ,
(4.1)
where
Dµqi = (∂µ − iciA′µ − iλαAαµ)qi , Dµq˜†i = (∂µ − iciA′µ − iλαAαµ)q˜†i , Dµaα = (∂µδαγ − ifαβγAβ)aγ .
(4.2)
The notations are explained right after equation (3.2).
The theory enjoys a non-anomalous U(1)J ⊂ SU(2)R R-symmetry and a U(1)Nf−1 global
symmetry. If some of the U(1) charges ci are equal, the global symmetry is enlarged in the
massless limit to a non-abelian symmetry.
When not all the U(1) charges are the same (ci 6= cj for some i 6= j), two classes of
supersymmetric vacua exist: mesonic and baryonic. This is because the vacuum equations
can be satisfied by giving a vacuum expectation value (VEV) to some SU(Nc) invariant
operator which is charged under the U(1) gauge symmetry. When both charged mesons and
14The mass µi in itself is unphysical if ci 6= 0, as its value can be shifted arbitrarily by redefinitions of a′.
What we actually need to assume is that the physical combinations that appear in equation (4.6) are small
with respect to e
√
ξ, g
√
ξ.
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charged baryons exist, there are different vacua corresponding to a meson getting a VEV or
to a baryon getting a VEV.
The mesonic vacuum in which qiq˜
j obtains a VEV is given, up to gauge transformations,
by
qai = q˜
j
a =
√
Ncξ
ci − cj ,
(4.3)
for some choice of a, i, j such that ci > cj if ξ > 0 and ci < cj if ξ < 0. In addition, a
′ and
one component of the non-abelian adjoint scalar a should be turned on to satisfy
cia
′ + λαaaa
α − µi = cja′ + λαaaaα − µj = 0 . (4.4)
Note that the index a is not summed over in (4.4). All the other fields vanish in the mesonic
vacuum. The gauge symmetry is broken in this vacuum to Z|ci−cj |×SU(Nc− 1). The study
of the mesonic vacua and the corresponding strings is left for a future work.
In this paper we will study the baryonic vacua and the corresponding strings. To con-
struct the baryonic vacuum, which generalizes the vacuum (3.5), one needs to choose Nc
out of the Nf hypermultiplets such that the sum of their charges is not zero. In general,
different choices of Nc hypermultiplets lead to different types of vacua and different types of
strings. Without loss of generality, we will choose the first Nc hypermultiplets and assume
that C ≡ ∑Nci=1 ci > 0 and ξ > 0. The case of C, ξ < 0 is exactly the same, while the cases
of C < 0 < ξ and ξ < 0 < C become the same after the replacement q ↔ q˜.
The vacuum for this choice of hypermultiplets is given, up to gauge transformations, by
q =
(
vINc×Nc 0(Nf−Nc)×Nc
)
, v2 =
Ncξ
C
,
cbδaba
′ + λαaba
α = µbδab , a, b = 1, ..., Nc .
(4.5)
All the other fields vanish in the vacuum. The masses of the qai excitations in the vacuum
(4.5) are shifted by the vacuum expectation values of the vector multiplet scalars, and are
given by
µi − µa + ca − ci
C
Nc∑
b=1
µb . (4.6)
The vacuum (4.5) is invariant under the gauge transformation
qai → e2πim
ci−ca
C qai , m = 1, 2, ..., C . (4.7)
Thus, the gauge symmetry is broken in the vacuum to ZC . The vacuum preserves a U(1)
R-symmetry, under which qai has charge Nc
ca−ci
C
(this symmetry is a combination of the
U(1)J R-symmetry and an SU(Nc) × U(1) transformation). Due to the residual discrete
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ZC gauge symmetry, the relevant homotopy group supporting strings above this vacuum is
pi1(U(1)× SU(Nc)/ZC) which allows strings with fluxes quantized as
Φ = lim
r→∞
∫
dφA′φ =
2pim
C
, m ∈ Z. (4.8)
As before, the spectrum in the vacuum consists of N2c long massive vector multiplets and
Nc(Nf−Nc) light hypermultiplets, with masses given by equation (4.6) for i = Nc+1, ..., Nf ,
a = 1, ..., Nc.
Note that the global structure of the gauge group has no effect on the spectrum of
strings. For example, in the previous section we could have taken the gauge group to be
SU(Nc)× U(1) instead of U(Nc) = SU(Nc)× U(1)/ZNc . More generally, if ci−caC ∈ Z for all
i, a, one can take the gauge group to be SU(Nc)×U(1) or SU(Nc)× U(1)/ZC . The vacuum
(4.5) preserves a ZC subgroup in the first case and breaks the gauge symmetry completely
in the second case. The relevant homotopy group is pi1 (SU(Nc)× U(1)/ZC) in both cases
and the spectrum of strings is the same.
To construct the Bogomol’nyi equations, we repeat the procedure of the previous section
with the modification of different charges for the different hypermultiplets. We will keep the
q˜ fields here. We will see that, depending on the charges ci, these fields may play a role in
the string moduli space. The analogue of (3.7) is
T =
∫
dx1dx2

 1
2e2
(
B′3 ±
e2
2
(∑
i
ci|qi|2 −
∑
i
ci|q˜i|2 −Ncξ
))2
+
1
2g2
(
Bα3 ± g2
∑
i
qi†λαqi ∓ g2
∑
i
q˜iλαq˜†i
)2
+
∑
i
∣∣∣D1qi ± iD2qi∣∣∣2 +∑
i
∣∣∣D1q˜i ± iD2q˜i∣∣∣2
+2g2
∣∣∣∑
i
q˜iλαqi
∣∣∣2 + e2
2
∣∣∣∑
i
ciq˜
iqi
∣∣∣2 + 1
g2
∣∣∣Dµaα∣∣∣2 + 1
e2
∣∣∣∂µa′∣∣∣2
+
∑
i
∣∣∣(cia′ + λαaα − µi)qi∣∣∣2 +∑
i
∣∣∣(cia′ + λαaα − µi)q˜†i ∣∣∣2 ±NcξB′3
]
≥ ±
∫
dx1dx2NcξB
′
3 .
(4.9)
As before, we restrict to configurations with positive magnetic flux. As in (3.13), the
flux is related via the Bogomol’nyi equations to the angular dependence of the Nc scalars
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obtaining vacuum expectation values. Consider for example the asymptotic configuration
lim
r→∞
q =


veik1φ 0 0 · · · 0 0 · · · 0
0 veik2φ 0 · · · 0 0 · · · 0
0 0 veik3φ · · · 0 0 · · · 0
...
...
...
. . .
...
...
. . .
...
0 0 0 · · · veikNcφ 0 · · · 0

 , (4.10)
where 0 ≤ ki ∈ Z. The U(1) flux can be easily calculated using the equation (D1+iD2)q = 0,
Φ = lim
r→∞
∫
A′φdφ =
2pi
∑Nc
i=1 ki
C
. (4.11)
4.1 Size-Modes of the Minimal String (K = 1)
We now focus on the minimal string with topological charge K ≡ ∑Nca=1 ka = 1. We will
start by constructing the basic string configuration in which only the Nc scalars that acquire
vacuum expectation values and the Cartan gauge fields participate. As before, we guarantee
that the terms that include a and a′ in (4.9) vanish by setting the gauge multiplet scalars to
their vacuum expectation values as in (4.5). We are then left with the Bogomol’nyi equations
B′3 +
e2
2
(∑
i
ci|qi|2 −Ncξ
)
= Bα3 + g
2
∑
i
q†iλ
αqi = (D1 + iD2)q = 0 . (4.12)
We assume an ansatz of the form
q =


q′(1)(r) 0 0 · · · 0 0 · · · 0
0 q′(2)(r) 0 · · · 0 0 · · · 0
0 0 q′(3)(r) · · · 0 0 · · · 0
...
...
...
. . .
...
...
. . .
...
0 0 0 · · · qv(r)eiφ 0 · · · 0


, (4.13)
where q′(i)(r) and qv(r) approach v when r →∞. q′(i)(r) is finite everywhere while qv(r) has
a single zero at the origin. One can show that if ci 6= cj then q′(i)(r) 6= q′(j)(r).15
Let us now move on to the string zero-modes. In addition to the translation moduli
we have approximate zero-modes in the µi ≪ ev, gv limit. For example, if the charge
15Let us choose a basis for the Cartan subalgebra of su(Nc), λ
α, α = 1, ..., Nc − 1, such that λα∗ =
diag(1,−1, 0, 0, ..., 0) and λα11 = λα22 for α 6= α∗. The Bogomol’nyi equations imply that
Bα
∗
3 = −g2
(
|q′(1)|2 − |q′(2)|2
)
, ∂¯ log
(
q′(1)/q
′
(2)
)
= i(c1 − c2)A¯′ + 2iA¯α∗ .
If q′(1)(r) = q
′
(2)(r), the first equation implies that B
α∗
3 = 0 and the second equation implies that B
α∗
3 =
(c2 − c1)B′3. Since B′3 6= 0 we conclude that c1 = c2.
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of the winding scalar is equal to some of the charges of the other scalars that obtain a
vacuum expectation value, we have orientation zero-modes, similar to the ones discussed in
the previous section. As will be described in [23], there are evidences for the existence of
additional zero-modes appearing in the first N2c hypermultiplets. We will ignore these for
now as they have no effect on the question of bulk-string decoupling.
We will focus on the size moduli, that is, on deformations of the string configuration in
which the extra Nf − Nc flavors participate in the solution. As illustrated in section 2, the
decay rate of these modes will control their coupling to the bulk at low energies.
We will assume an ansatz of the form (4.13) for i ≤ Nc, but allow the q and q˜ entries
for i > Nc to be non-zero. The Bogomol’nyi equations now read
B′3 +
e2
2
(∑
i
ci|qi|2 −
∑
i
ci|q˜i|2 −Ncξ
)
= 0 , (4.14)
Bα3 + g
2
∑
i
qi†λαqi − g2
∑
i
q˜iλαq˜†i = 0 , (4.15)
(D1 + iD2)qi = (D1 + iD2)q˜i = 0 , (4.16)∑
i
q˜iλαqi =
∑
i
ciq˜
iqi = 0 . (4.17)
Equation (4.16) implies that
qai>Nc = q
a
a
(
Nc∏
b=1
qbb
) ci−ca
C
fia(z) ,
q˜i>Nca = (q
a
a)
−1
(
Nc∏
b=1
qbb
)− ci−ca
C
f˜ia(z) ,
(4.18)
where fia(z) and f˜ia(z) are independent of z¯. Using q
b
b = q
′
(b)(r) for b < Nc and q
Nc
Nc
= qv(r)e
iφ
we can write
qa<Nci>Nc = q
′
(a)(r)
(
Nc−1∏
j=1
q′(j)(r)
)∆ia (
qv(r)e
iφ
)∆ia
fia(z) , ∆ia ≡ ci − ca
C
, (4.19)
qNci>Nc =
(
Nc−1∏
j=1
q′(j)(r)
)∆i (
qv(r)e
iφ
)1+∆i
fi(z) , ∆i ≡ ci − cNc
C
, (4.20)
q˜i>NcNc =
(
Nc−1∏
j=1
q′(j)(r)
)−∆i (
qv(r)e
iφ
)−1−∆i
f˜i(z) , (4.21)
q˜i>Nca<Nc =
1
q′(a)(r)
(
Nc−1∏
j=1
q′(j)(r)
)−∆ia (
qv(r)e
iφ
)−∆ia
f˜ia(z) . (4.22)
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Requiring that qai>Nc and q˜
i>Nc
a are everywhere regular and decay at infinity, we can
constrain the z dependence,
fi(z) =
⌈∆i⌉∑
n=0
ρ
(n)
i z
n−1−∆i , (4.23)
fia(z) =
⌈∆ia⌉−1∑
n=0
ρ
(n)
ia z
n−∆ia , (4.24)
f˜i(z) =
⌈−∆i⌉−2∑
n=0
ρ˜
(n)
i z
n+∆i+1 , (4.25)
f˜ia(z) =
⌈−∆ia⌉−1∑
n=0
ρ˜
(n)
ia z
n+∆ia , (4.26)
where ρ
(n)
i , ρ
(n)
ia , ρ˜
(n)
i , ρ˜
(n)
ia ∈ C. The relation between these modes and the size of the string
is discussed in appendix A. As in the previous sections, to get the conclusions (4.23-4.26)
we used the behavior of q′(i)(r) and qv(r) at r → ∞ and the fact that these functions are
everywhere finite, except for a single zero of the latter at the origin, where it behaves as
qv(r) ∼ r.
As a concrete example, in the theory described in section 3, ∆i = ∆ia = 0 and therefore
fi(z) =
ρi
z
, fia(z) = f˜i(z) = f˜ia(z) = 0.
4.2 Size-Modes of the K-String
Let us now move on to the K-string. As for the minimal string, we will focus here on a
specific type of zero-modes – we will assume a solution of the form
qai≤Nc = δ
a
i qa(r, φ) , q˜
i≤Nc
a = 0 , (4.27)
and study the freedom in the i > Nc entries. The free parameters in q
a
i>Nc and q˜
i>Nc
a will be
referred to as the size-modes.
The boundary conditions are given by lim
r→∞
qa(r, φ) = ve
ikaφ, 0 ≤ ka ∈ Z,
∑Nc
a=1 ka = K.
Together with the Bogomol’nyi equations this implies that qa(r, φ) has ka, not necessarily
distinct, zeros at positions zla . Close to the zeros it behaves as qa ∼ z − zla .
As before, equation (4.16) implies (4.18). Using the boundary conditions we get that the
size-modes take the form
qai>Nc =
(∏
b6=a
qb(r, φ)∏kb
lb=1
(z − zlb)
)∆ia (
qa(r, φ)∏ka
la=1
(z − zla)
)1+∆ia
×
⌈ka+∆iaK⌉−1∑
n=0
ρ
(n)
ia z
n ,
q˜i>Nca =
(∏
b6=a
qb(r, φ)∏kb
lb=1
(z − zlb)
)−∆ia (
qa(r, φ)∏ka
la=1
(z − zla)
)−∆ia−1
×
⌈−ka−∆iaK⌉−1∑
n=0
ρ˜
(n)
ia z
n ,
(4.28)
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with ρ
(n)
ia , ρ˜
(n)
ia ∈ C.
For simplicity, we will assume in the analysis below that all the zeros coincide at the
origin. Equation (4.28) then becomes
qai>Nc =
(∏
b6=a
qb(r, φ)
)∆ia
(qa(r, φ))
1+∆ia
⌈ka+∆iaK⌉−1∑
n=0
ρ
(n)
ia z
n−∆iaK−ka ,
q˜i>Nca =
(∏
b6=a
qb(r, φ)
)−∆ia
(qa(r, φ))
−∆ia−1
⌈−ka−∆iaK⌉−1∑
n=0
ρ˜
(n)
ia z
n+∆iaK+ka .
(4.29)
5 Bulk-String Factorization
We now discuss the factorization of the bulk and string degrees of freedom, which is the main
subject of this work. From equation (4.29) we see that whenever (ci−ca)K
C
/∈Z for some i > Nc
and a ≤ Nc, there exist long-range size-modes with asymptotic falloff of ∼ 1rβ , 0 < β < 1.
As explained in section 2, such long-range size-modes are coupled to the bulk light excitations
even at low energies. In this case, the worldsheet theory cannot be separated from the bulk
and the low-energy dynamics in the string background is not described in terms of a two-
dimensional worldsheet theory. On the other hand, if (ci−ca)K
C
∈ Z for all i and a, the slowest
falloff is ∼ 1
r
. In this case, the mixing between the bulk and the string light excitations
is suppressed at energy scales µi . E ≪ mW . As a result, the low-energy effective action
factorizes,
Seff = Sbulk + Sworldsheet . (5.1)
The relation between the asymptotic behavior of the size-modes and the bulk-string
factorization was already explained in section 2. For completeness, we will summarize the
main steps here, this time in the context of the theory described in section 4.
As explained before, in the presence of non-degenerate masses there are no true zero-
modes, except for the center-of-mass modes. We wish, however, to distinguish between heavy
modes with mass of order mW and light modes with mass of the order of the hypermultiplet
masses. Since we are interested in fluctuations with energies µi . E ≪ mW , we can ignore
fluctuations of the heavy modes and treat such modes as background fields with their value
fixed by their vacuum expectation value.
The heavy modes are the N2c long vector multiplets. The light modes are the Nc(Nf−Nc)
hypermultiplets labeled by i > Nc, as well as the bosonic (approximate) moduli discussed in
the previous section and their superpartners. In terms of the light modes, the scalars qai>Nc ,
q˜i>Nca can be written as
q = qbulk +
∑
n
q
(n)
size , (5.2)
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where qbulk are the bulk excitations and q
(n)
size are the different terms that appear in the
expansion (4.29). Asymptotically, |q(n)size| ∼ r−βn, where
βn =
{
−n +∆iaK + ka for qai
−n−∆iaK − ka for q˜ia
. (5.3)
The distinction between the bulk and string excitations makes sense only if the string and
the bulk modes decouple at energies µi . E ≪ mW . We assume that this is the case and
obtain a contradiction when β < 1 modes exist.
We can repeat the computation of section 2 and canonically normalize the size-modes as
fields on the worldsheet, see the discussion around equations (2.14-2.15). Then, writing the
action in terms of the canonically normalized fields we can evaluate the operators that mix
the size-modes and the bulk excitations. Terms that are suppressed in the µi . E ≪ mW
limit are thrown away.
The mixing coming from the kinetic terms, for example, has been studied in section
2 (see the discussion after equation (2.18)) where we found that this term is irrelevant at
energies E ≪ mW if β > 1. For β = 1 the coupling is classically marginal, but suppressed
in the µi ≪ mW limit. For β < 1 the coupling is important at low energies, E ∼ µi, thus
contradicting the decoupling of β < 1 modes from the bulk. It is not difficult to check that
for β ≥ 1 the other mixing terms are also suppressed at energies µi . E ≪ mW .
Thus, the result of this classical analysis is that the bulk and the string modes decouple
if and only if (ci−ca)K
C
∈ Z for all a ≤ Nc < i. One may doubt the validity of this conclusion
in the quantum theory, as our analysis relies heavily on naive classical arguments. However,
exactly the same conclusions are obtained from a non-perturbative localization computation,
as we explain in section 7.
We now show that the decoupling criterion above coincides with the condition of trivial
Aharonov-Bohm phases. Using the Bogomol’nyi equation (D1 + iD2)q = 0 and the asymp-
totic behavior we obtain
lim
r→∞
∫
dφ
[
caA
′
φ +
∑
α∈Cartan
λαaaA
α
φ
]
= 2pika , a = 1, ..., Nc . (5.4)
Using this we can compute the phase acquired by a qai -particle when circling the string at
r →∞,
lim
r→∞
∫
dφ
[
ciA
′
φ +
∑
α∈Cartan
λαaaA
α
φ
]
=
2pi(ci − ca)K
C
+ 2pika . (5.5)
We thus find that (1.2) is exactly the condition that the phases acquired by the light particles
in the bulk upon circling the string are trivial.
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6 Merging Size-Modes
As was shown in the previous sections, whenever (ci−ca)K
C
/∈Z for some a ≤ Nc < i, the K-
string is coupled to the bulk due to the existence of long-range size-modes. When (ci−ca)K
C
∈ Z
for all a ≤ Nc and i > Nc, the size-modes decay at least as fast as 1/r, thus guaranteeing
the decoupling between the bulk and the string. We see that the same type of string can
be decoupled or coupled to the bulk, depending on its topological charge K. In this section,
we discuss some aspects of the decoupled K-string, in cases where the minimal string with
K = 1 is coupled to the bulk.
When the minimal string is decoupled from the bulk, no long-range modes exist and
we can use our usual intuition for BPS objects. We can imagine taking the K-string with
topological charge K and separating it into K minimal strings. At large separation, the
moduli space should factorize into K copies of the moduli space of the minimal string.
In particular, one expects the dimension of the K-string moduli space to be K times the
dimension of the minimal string moduli space.
This intuition fails if the minimal string is coupled to the bulk. In this case, the K-
string cannot be separated into K minimal strings; we still expect that the K-string can
be separated spatially into a configuration with K distinct zeros, but these zeros cannot be
thought of as isolated minimal strings. We suggest that the long-range size-modes around the
zeros are combined into fewer modes with faster decay rates. These modes are not associated
with one minimal string. They are collective modes related to the K-string as a whole. In
particular, the dimension of the K-string moduli space is not necessarily an integer multiple
of K and is expected to be smaller than K times the dimension of the minimal string moduli
space.
Evidence in favor of this interpretation is obtained by counting the number of the K-
string size-modes using equation (4.28). Let us assume for simplicity that ∆ia ≥ 0 for every
a ≤ Nc for some i > Nc, such that the flavor qi gives rise to
∑Nc
a=1 (ka +∆iaK) =
ciNcK
C
complex size-modes. This number is not necessarily an integer multiple of K. Counting the
number of size-modes for the minimal string using (4.28) we find 1+
∑Nc
a=1⌈∆ia⌉ size-modes
related to qi. Thus, the number of the K-string size-modes is equal to K times the number
of the minimal string size-modes if and only if the minimal string is decoupled from the
bulk. This is in agreement with the expectation based on separating the K-string into K,
far apart, minimal strings. On the other hand, if the minimal string is coupled to the bulk,
the number of size-modes of the K-string is smaller than K times the number of size-modes
of the minimal string. This supports the suggestion that the long-range size-modes are
combined into fewer modes with faster decay rates.
It is important to emphasize that the discussion above does not apply for the center-
of-mass and orientation modes, whose number is K times the number of the corresponding
modes for the minimal string. This must be true because we can, in principle, take the mass
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of the i > Nc flavors to be very large such that the extra flavors decouple. The number of
center-of-mass and orientational modes shouldn’t be affected by this decoupling.
7 Supersymmetric Localization Derivation of the De-
coupling Criterion
In recent years, many exact results have been obtained for BPS objects in supersymmetric
theories on spheres, using the technique of supersymmetric localization. In particular, exact
(non-perturbative) formulas are available for squashed sphere partition functions of four-
dimensional N = 2 Lagrangian theories that preserve a U(1) ⊂ SU(2)R symmetry [22, 30],
as well as for two-dimensional N = (2, 2) theories with a U(1) R-symmetry [31, 32]. In
an upcoming publication we use this fact to study the worldsheet theories of the strings
presented in section 4. In this section we will briefly review how the decoupling criterion
(1.2) arises in the localization analysis that will appear in [23].
The N = 2 supersymmetric theory described in section 4 can be placed on the four-
ellipsoid,
x20
r2
+
x21 + x
2
2
l2
+
x23 + x
2
4
l˜2
= 1 , (7.1)
while preserving a supercharge that squares to a combination of rotations and anR-symmetry
transformation [22].
Using the localization formula of [22], the four-ellipsoid partition function can be for-
mally expressed as a matrix integral over the Coulomb branch coordinates. This formal
expression is, however, divergent due to the U(1) Landau-pole. To extract information from
this expression we introduce an ultraviolet cut-off, and cut-off the Coulomb-branch integral
at a scale Λ, much smaller than the scale set by the Landau-pole.
In analogy to our assumptions in the previous sections, we assume that µi, l
−1, l˜−1 ≪
ξg2, ξe2.16 Then, for a wide range of Λ-values, we can close the Coulomb-branch integrals
in the complex plane, and compute the integrals using Cauchy’s theorem. In the spirit
of [31, 32], we obtain a representation of the four-ellipsoid partition function as a discrete
sum, which we interpret as a sum over string contributions.17 Indeed, in [34, 35] it was
shown that with a modified deformation term, the path integral localizes on saddle points
that solve a BPS string-like equation. This modified localization prescription results in a
Higgs branch representation of the partition function. It was claimed in [34, 35] that this
16In this section we follow the notations of [22] for the Fayet-Iliopoulos parameter, in which ξ has mass
dimension 1. In the case of the round sphere, this parameter is related to the one we have in flat space by
rescaling with the radius.
17The interpretation of the residues of the poles of the integrand as encoding the string contributions is
analogous to the analysis of [33], in which singularities of the superconformal index have been identified with
surface defects.
24
representation can be obtained from the Coulomb-branch representation of [22, 30] upon
closing the contours in the complex plane.
In [23], we follow the path described above and obtain a representation of the four-
ellipsoid partition function of the form∑
{la}
ZBvac,{la}e
−8π2ξˆNc(b+b−1)/|C{la}|e−16iπ
2ξˆ
∑Nc
a=1 µˆla/C{la}
∑
K,K ′
e−16π
2ξˆ(Kb+K ′b−1)/|C{la}| ZBK,K ′{la} + ...
(7.2)
In this expression the sum over {la|a = 1, ..., Nc} ⊂ {1, 2, ..., Nf} is a sum over choices of Nc
out of the Nf hypermultiplets for which C{la} ≡
∑Nc
a=1 cla 6= 0 – this is interpreted as a sum
over the baryonic vacua. The dots stand for a sum over mesonic vacua, which we do not
present here. We have denoted by b the squashing parameter, b ≡
√
l/l˜, and used a hat for
dimensionless quantities, rescaled as µˆ =
√
ll˜µ, ξˆ =
√
ll˜ξ.
The expression in (7.2) has been expanded according to the dependence on the Fayet-
Iliopoulos parameter ξ. This expansion defines the functions ZBvac,{la} and Z
B
K,K ′,{la}, which are
functions of the rescaled hypermultiplet masses µˆi, the gauge couplings, the theta parameters,
and the squashing parameter b. We now explain our interpretation of the different terms in
(7.2).
The function ZBvac,{la} is identified with the four-ellipsoid partition function describing
the excitations around the vacuum labeled by {la}. Indeed, this factor is equal to the four-
ellipsoid partition function of the Nc(Nf −Nc) light hypermultiplets in this vacuum.
K and K ′ label the winding numbers transverse to the squashed two-spheres defined by
x20/r
2+ (x21 + x
2
2) /l
2 = 1 and x20/r
2+ (x23 + x
2
4) /l˜
2 = 1 respectively. The functions ZBK,K ′,{la}
are weighted in this sum with an e−16π
2ξˆ(Kb+K ′b−1)/|C{la}| factor, related to the action of
the string configuration. The U(1) fluxes through the two two-spheres can be read from
this factor. We use this factor to separate contributions of strings with different winding
numbers and to separate contributions of strings wrapping different two-spheres. We focus
on contributions with K ′ = 0 – these correspond to strings with winding number K, whose
cores wrap the two-sphere x20/r
2 + (x21 + x
2
2) /l
2 = 1.18
In [34] (see also [35–37]), an expression similar to (7.2) was derived for the U(Nc) gauge
theory described in section 3. In this case, ZBK,{la} ≡ ZBK,K ′=0,{la} was identified with the
two-sphere partition function of the worldsheet theory proposed in [4]. Other examples in
which ZBK,{la} is identified with a two-sphere partition function of an N = (2, 2) sigma-model
will be presented in [23]. In these examples, we claim that the sigma models that have
been identified are the corresponding worldsheet theories, and provide consistency checks
supporting these claims.
18Contributions for which both K and K ′ are not zero correspond to a K-string and a K ′-string, wrapping
the two-spheres
x2
0
r2 +
x2
1
+x2
2
l2 = 1 and
x2
0
r2 +
x2
3
+x2
4
l˜2
= 1 respectively, and intersecting in the two-poles x0 = ±r.
See [34–36].
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The factorization of the string contributions in (7.2) to a product of a four-ellipsoid
partition function describing the light fields in the bulk and a two-sphere partition function
describing the interactions of the string moduli is interpreted as a sign of the decoupling
of the string moduli from the bulk modes. This factorization applies only for strings that
satisfy the decoupling condition (1.2), as we explain below.
The one-loop determinant of the localization formula of [22] is given in terms of Υb-
functions. The function Υb(x) is a holomorphic function, invariant under b→ b−1, which is
uniquely defined by the normalization Υb
(
1
2
(b+ b−1)
)
= 1 and the shift relation
Υb (x+ b) =
Γ (bx)
Γ (1− bx)b
1−2bxΥb (x) . (7.3)
For any choice of a baryonic vacuum and a winding number, we obtain from the expansion
(7.2) an expression for ZBK,{la}, which contains ratios of Υb-functions. When (1.2) is satisfied,
the differences between the arguments of the numerator and denominator Υb-functions are
integer multiples of b. In this case, ZBK,{la} can be rewritten in terms of Gamma functions
using the shift relation (7.3).19 Doing this, we find expressions for ZBK,{la} of the form
obtained in [31, 32] for two-sphere partition functions in the Higgs-branch representation.
On the other hand, when (1.2) is not satisfied and one cannot use (7.3) to rewrite ZBK,{la} in
terms of Gamma functions, an interpretation of ZBK,{la} as a two-sphere partition function
seems unlikely.
We thus interpret the condition (1.2) as a criterion for the decoupling of the string
from the bulk. Remarkably, this criterion coincides exactly with the one we obtained using
semiclassical methods in section 5.
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A The Size of the String
In this appendix we will find the asymptotic behavior of the string configuration in the
presence of size-modes. While in the absence of size-modes the string decays exponentially
fast to the vacuum, when the size-modes are present the string decays to the vacuum with
a power-law behavior governed by the modes with the slowest decay. The typical size of the
string is related to the absolute value of the size modulus |ρ| of the slowest decaying mode.
We will start from the U(1) theory with two charged flavors of section 2. Plugging
equation (2.11) into the Bogomol’nyi equations (2.9) we obtain
A¯ = − i
p
∂¯ log q1 ,
2B3
e2
+ p|q1|2 + |q1|2/p
∣∣∣∣∣∣
⌈k/p⌉−1∑
n=0
ρ(n)
zk/p−n
∣∣∣∣∣∣
2
= ξ . (A.1)
Using B3 = 2i(∂¯A − ∂A¯) we can eliminate Aµ from the equations. We are left with one
equation for q1,
1
pe2
[
1
r
∂r
(
r∂r log |q1|2
)
+
1
r2
∂2φ log |q1|2
]
= p|q1|2 + |q1|2/p
∣∣∣∣∣∣
⌈k/p⌉−1∑
n=0
ρ(n)
zk/p−n
∣∣∣∣∣∣
2
− ξ . (A.2)
As we are only interested in the asymptotic behavior, we can keep in the sum over
size-modes only the leading term at large r and replace∣∣∣∣∣∣
⌈k/p⌉−1∑
n=0
ρ(n)
zk/p−n
∣∣∣∣∣∣
2
→ |ρmin|
2
r2βmin
, (A.3)
where ρmin = ρ
(⌈k/p⌉−1), βmin = k/p− ⌈k/p⌉+ 1.20
Defining |q1|2 = ξp(1−X), and remembering that limr→∞X = 0, we can linearize (A.2)
in the large r limit,
1
pe2
[
1
r
∂rX + ∂
2
rX
]
= ξX −
(
ξ
p
) 1
p |ρmin|2
r2βmin
. (A.4)
The homogeneous equation is solved by
Xh ∼ e−
√
pe2ξr
(
1 +O
(
1
e
√
ξr
))
. (A.5)
Thus, in the absence of size-modes, the string solution has an exponential falloff, with typical
size (pe2ξ)−1/2.
20We assume that ρmin 6= 0. Otherwise, one has to take the slowest decaying mode for which ρ 6= 0.
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For non-zero ρ(n), equation (A.4) is solved asymptotically by
X =
1
ξ
(
ξ
p
) 1
p |ρmin|2
r2βmin
(
1 +O
(
1
e2ξr2
))
. (A.6)
Thus, the string has a power-law falloff at large distances with a typical size
rs =
(
ξ
1−p
p
p1/p
|ρmin|2
) 1
2βmin
. (A.7)
The generalization to strings in SU(Nc) × U(1) gauge theories is straightforward. For
example, take the string solution of the type studied in sections 4.1-4.2, and assume that
the slowest decaying size-mode belongs to the qai component. Using equation (4.29), we will
denote
βmin = ∆iaK − ⌈∆iaK⌉ + 1 , ρmin = ρ(ka+⌈∆iaK⌉−1)ia , (A.8)
such that
lim
r→∞
|qai |2 =
v2(∆iaNc+1)|ρmin|2
r2βmin
. (A.9)
Plugging equations (4.14-4.15) into equation (4.16), and linearizing the resulting equation,
we obtain a set of Nc coupled asymptotic equations,
1
2r
∂rXb +
1
2
∂2rXb − g2v2λαbb
Nc∑
c=1
λαccXc −
e2v2
2
cb
Nc∑
c=1
ccXc = −
(
e2v2
2
cbci + g
2v2λαbbλ
α
aa
)
v2∆iaNc
|ρmin|2
r2βmin
,
(A.10)
for b = 1, .., Nc, where we denoted |qbb|2 = v2 (1−Xb).
In the absence of size-modes, we need to consider the solutions to the homogeneous
matrix equation,
1
r
∂rXb + ∂
2
rXb =MbcXc , Mbc = 2g
2v2λαbbλ
α
cc + e
2v2cbcc . (A.11)
Asymptotically, the one derivative term is negligible, and the r dependence of the solutions
is of the form,
Xb =
Nc∑
I=1
X
(I)
b e
−r/rI (A.12)
where r−2I are the eigenvalues of Mbc. While the exact form of rI is complicated, it is easy
to see that rI is proportional to v
−1 and goes to zero in the large mW limit.
Turning on the size-mode, the derivative terms are negligible at large distances and the
asymptotic behavior is controlled by the set of algebraic equations
MbcXc =
(
e2cbci + 2g
2λαbbλ
α
aa
)
v2∆iaNc+2
|ρmin|2
r2βmin
. (A.13)
These equations are solved by Xb =
(
rb
r
)2βmin with rb proportional to (v∆iaNc|ρmin|) 1βmin .
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